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In excitable media such as cardiac tissue and Belousov-Zhabotinsky reaction medium, spiral waves
tend to anchor (pin) to local heterogeneities. In general, such pinned waves are difficult to eliminate
and may progress to spatio-temporal chaos. Heterogeneities can be classified as either the absence
or presence of diffusive interaction with the surrounding medium. In this study, we investigated the
difference in the unpinning of spiral waves from obstacles with and without diffusive interaction,
and found a profound difference. The pacing period required for unpinning at fixed obstacle size is
larger in case of diffusive obstacles. Further, we deduced a generic theoretical framework that can
predict the minimal unpinning period. Our results explain the difference in pacing periods between
for the obstacles with and without diffusive interaction, and the difference is interpreted in terms of
the local decrease of spiral wave velocity close to the obstacle boundary caused in the case of diffu-
sive interaction. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4934561]

Spiral waves can be observed in diverse reaction-
diffusion systems, such as the Belousov-Zhabotinsky (BZ)
reaction medium, aggregation of starving slime mold
amoeba, and cardiac tissue. It is known that propagation
of a spiral wave in cardiac tissue is associated with life-
threatening diseases, such as tachyarrhythmias and ven-
tricular fibrillation. To eliminate such dangerous spiral
waves, various methods are proposed: one of them is
anti-tachycardia pacing (ATP). However, when there are
heterogeneities in the media, such as non-excitable
regions, a spiral wave may get pinned to them and thus is
more difficult to be eliminated. Therefore, the investiga-
tion of unpinning of spiral waves from heterogeneities is
important. In the present study, we discuss the mecha-
nism of unpinning from heterogeneities, i.e., obstacles, by
considering the diffusive interaction between the obstacle
and the surrounding medium. The insights obtained in
the present study regarding the effect of diffusive interac-
tion on unpinning contribute to the future clinical
improvement of anti-tachycardia pacing methods.

I. INTRODUCTION

Spiral waves are characteristic patterns that are gener-
ated in excitable media, and are found in a rich variety of
systems, such as the BZ reaction, catalytic reactions on plati-
num surfaces, the aggregation of starving slime mold
amoeba, and the action potential in cardiac tissue.1–6 There
are two basic types of waves in excitable media: target and
spiral patterns. The former is generated by spatial heteroge-
neities or fluctuations in the local dynamics of the excitable

medium, like a high-frequency source. In contrast, stable spi-
ral waves are observed even in the absence of spatial hetero-
geneities or fluctuations, and if there are spatial
heterogeneities or fluctuations, spiral waves are often trapped
by them. Thus, over the past several decades, analytical and
numerical studies have greatly advanced our understanding
of the dynamics of spiral waves generated in homogeneous
media.

Recently, there has been growing interest in spiral
waves generated in inhomogeneous excitable media.7 One
example is the work by Steinbock and M€uller, where the spi-
ral core was controlled by the application of a laser spot in
photo-sensitive BZ reaction for the first time.8 Further stud-
ies on the unpinning of spiral waves have been investigated
on the control and unpinning of spiral waves in the BZ reac-
tion.9,10 A more prominent system besides BZ reaction is
cardiac tissue where spiral waves can be induced and pinned
to local heterogeneities (obstacles) such as blood vessels and
scar tissues. Spiral waves in the heart are believed to be pre-
cursors of life-threatening cardiac tachyarrhythmias, which
often proceed to ventricular fibrillation and finally sudden
death.11,12 For this reason, methods for the removal of spiral
waves are considered to be highly important for the medical
treatment of cardiac arrhythmias. The suppression of spiral
waves by high-frequency electrical stimulation, known as
ATP, is one of the most successful methods developed so
far.13,14 Recently, it has been suggested that ATP can termi-
nate spiral waves through the induced drift of the spiral tip to
the boundary of cardiac tissue. It has been shown that the
spiral starts to drift due to the influence of waves emitted by
an external high-frequency source.15 Free spiral waves can
be easily eliminated when the frequency of electrical stimu-
lation is just slightly higher than that of the spiral wave.
However, when spiral waves are pinned to obstacles, it
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becomes difficult to induce drift of the spiral tip and subse-
quently to cause termination. To induce drift of the spiral tip,
the spiral wave must be first detached from the obstacle.
This is only possible when the pacing source has a much
higher frequency than that of the pinned spiral wave.14,16

In the present study, we classified obstacles, to which
spiral waves are pinned, into two types based on the absence
or presence of diffusive interaction with the surrounding me-
dium, as hard and soft obstacles, respectively. Hard obstacles
are “classical” non-excitable areas within the medium, and
soft obstacles exhibit lower excitability than the surrounding
medium and diffusive interaction.

To date, most studies on unpinning have focused on
hard obstacles. With regard to hard obstacles, we have
recently theoretically derived the dependency of the pacing
period required for unpinning on the obstacle radius.9,17 In
contrast, although a few studies have investigated the unpin-
ning pacing period of spiral waves pinned to soft obstacles
by means of computer simulations,18 the mechanism has not
yet been clarified.

Here, we numerically investigated the mechanism of
unpinning in the case of soft obstacles in comparison with
hard obstacles, and theoretically discussed the differences fo-
cusing on the unpinning process. Additionally, we verified
the unpinning process by experiments using the photo-
sensitive BZ reaction.

II. NUMERICAL SIMULATION

To clarify differences in unpinning between hard and
soft obstacles, we performed numerical simulations using the
modified Oregonator model which is known to adequately
describe the dynamics of the photosensitive BZ reaction,19,20

with respect to the position r as

@u

@t
¼ 1

!
u 1" uð Þ " f vþ / rð Þð Þ

u" q

uþ q

! "
þ Dr2u;

@v
@t
¼ u" v;

8
>><

>>:
(1)

where u(r, t) and v(r, t) are the concentrations of the activa-
tor (HBrO2) and the oxidized catalyst ([Ru(bpy)3]3þ),
respectively. We adopt Eq. (1) because the photosensitive
BZ reaction is known to be an easily controllable excitable
system; pinning to heterogeneities has also been reported in
this experimental system.9 The parameters !, f, and q are pos-
itive values that determine the characteristics of the BZ reac-
tion. In this study, we consider the following values, !¼ 0.1,
f¼ 2, and q¼ 2& 10"3, which are similar to those in our pre-
vious study.9 D is the diffusion constant of the activator. For
simplicity, the diffusion constant of the oxidized catalyst (v)
is taken to be zero. In the present study, we choose a
two-dimensional system to study the effect of diffusive inter-
action in a simple system. The calculation is performed in
cylindrical coordinates. The computational domain is set to
be a circle, whose radius is 15. The Neumann boundary con-
dition is adopted for the outer boundary. The spatiotemporal
resolution is Dt¼ 2& 10"5, Dr¼ 0.1, and Dh¼p/200. We

used the Euler method, and the time step was taken so that
the stability condition, r >

ffiffiffiffiffiffiffiffiffiffiffiffiffi
DDt=2

p
=Dh ' 0:2, is satisfied.

/ðrÞ is a variable that is proportional to the light inten-
sity, and can be described as

/ðr; hÞ ¼
/obs if r ( R

/med otherwise ;

$
(2)

where R is the obstacle radius.
In this numerical simulation, spiral waves are generated

and pinned to the obstacles. For both hard and soft obstacles,
we set /med ¼ 0:01 and D¼ 1.0 in the region surrounding
the obstacle.

In the present study, we gave soft obstacles, which ex-
hibit a certain degree of diffusive interaction, lower excit-
ability than the surrounding medium. In the photosensitive
BZ reaction, light illumination decreases the excitability21

and the illuminated area exhibits diffusive interaction with
the surrounding area in the aqueous chemical reaction. Thus,
the region illuminated by high-intensity light is regarded as a
soft obstacle. In the case of soft obstacles, in the present
study we set /obs ¼ 0:20 and D¼ 1.0 at the periphery of the
obstacle. These values prohibit wave propagation within the
obstacle, but allow diffusion of the activator.

On the other hand, for hard obstacles, we set a Neumann
boundary condition at the periphery of the obstacle. This
condition prohibits diffusion of the activator at the boundary
of the obstacle. Since such an obstacle has no diffusive inter-
action with its surrounding area, it is considered to be a hard
obstacle.

To treat unpinning in a quantitative manner, we focus
on the activator of the pinned spiral wave at the periphery of
the obstacle. Under the application of a wave train, the acti-
vator of a pinned wave tends to be depressed at the periphery
of the obstacle. If the pacing period is sufficiently small, the
pinned wave unpins and shifts to a free spiral. As a control
system, we investigated a free spiral wave in the region sur-
rounding the obstacle. Under the condition that D¼ 1.0 and
/ ¼ 0:01, a free spiral wave exhibits rigid rotation and the
tip traces a circle with a radius of Rfree¼ 1.6. The activator
of the tip of the circle (r(Rfree) is less than 0.01. Thus, if
the activator of a pinned wave becomes lower than 0.01 at
the periphery of the obstacle, it is regarded to be unpinning
since the pinned wave shifts to a free spiral. Furthermore, if
the unpinned wave drifts to the system boundary and is even-
tually annihilated, it is regarded to have been eliminated.

We classify the behavior of pinned spiral waves whether
they can be classified as unpinning or eliminated. We found
that spiral waves on soft obstacles exhibit three different pat-
terns of unpinning, as shown in Fig. 1, where the obstacle ra-
dius is fixed at R¼ 3.0.

Figure 1(a) shows an example of successful unpinning
and elimination. Wave S0, pinned to an obstacle, rotates
counterclockwise (t¼ 10). At a pacing period of Tp¼ 4.5,
wave 1 hits the obstacle, and separates into a wave rotating
counterclockwise (1a) and a wave rotating clockwise (1b)
(t¼ 12). Waves S0 and 1b collide and merge, leaving only
one rotating wave 1a, denoted S1 hereafter (t¼ 13). The acti-
vator of wave S1 is depressed at the periphery of the obstacle

103127-2 Tanaka et al. Chaos 25, 103127 (2015)
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and becomes lower than 0.01. Thus, wave S1 unpins (t¼ 17).
The unpinned wave S1 and 2b collide and merge, leaving
only one rotating wave S2 in the same way as leaving S1

(t¼ 19). Wave S2 unpins and goes farther than S1 from the
obstacle (t¼ 22). A wave 3c is produced after collision of
waves S2 and 3b (t¼ 24). The wave 3c collides with S3 and
the tip of S3 drifts away from the obstacle (t¼ 26). The tip
collides with the outer boundary and is annihilated. Thus, a
pinned spiral wave is eliminated from the system. After that,
a pair of the counterclockwise (4a) and clockwise waves
(4b) annihilate each other at h¼p (t¼ 29). During the appli-
cation of the wave train, this process repeats. The wave train
is stopped at t¼ 29, and no wave propagates (t¼ 40). Thus,
the spiral tip detaches from the obstacle and is eliminated
(phase I).

In contrast, Figure 1(b) shows an example of successful
unpinning but a failure of elimination. At a pacing period of
Tp¼ 5.0, the activator of wave S1 is higher than 0.01 at the
periphery of the obstacle. Thus, wave S1 does not unpin
(t¼ 18). The activator of wave S2 is depressed at the periph-
ery of the obstacle and becomes lower than 0.01. Thus, wave
S2 unpins (t¼ 23). Since the tip of S2 does not get away as
far from the obstacle as the above case of Tp¼ 4.5, a pro-
duced wave 3c is so small that it vanishes before it collides
the following spiral wave S3 (t¼ 24). Thus, the tip of S3 does
not drift away from the obstacle (t¼ 26), but only unpins in
the same way as S2. In a similar manner, the spiral wave
Sn(n¼ 4–13) unpins but does not drift away. After stopping
the wave train at t¼ 80, the tip of S14 unpins from the obsta-
cle once (t¼ 82), and gets close to it again (t¼ 86). The tip
is finally repinning (t¼ 90). In other words, the spiral wave
temporarily detaches (unpinning), but is not eliminated
(phase II).

At a pacing period of Tp¼ 6.0, the spiral tip does not
detach from the obstacle (phase III), as shown in Fig. 1(c).
During the application of the wave train, the activator of
wave Sn(n¼ 1–12) is higher than 0.01 at the periphery of the
obstacle. Thus, the pinned spiral wave does not unpin, and
continues to annihilate with the clockwise-rotating wave at
the periphery of the obstacle.

Thus, we can characterize three phases depending on the
pacing period as follows: Phase I, successfully unpins and
eliminates the spiral; phase II, temporary unpinning; and
phase III, no apparent effect on the spiral wave. We note that
the initial location of the spiral wave around the object does
not concern whether the unpinning succeeded or not. Details
are shown in Fig. S1 in the supplementary material.22

Here, with a hard obstacle, it is noted that phase II is not
observed. Therefore, the unpinned wave inevitably drifts and
is eventually annihilated at the boundary of the medium.
Examples can be found in Fig. S2 in the supplementary
material.22

However, this dependency is rather different from the
previous result by Pumir et al.16 We anticipate that this is
caused by the difference in an obstacle radius R. Pumir et al.
studied the unpinning phenomena in the case of R<Rfree.
On the other hand, in the present study, we study on the case
that R>Rfree.

FIG. 1. Numerical examples of the effect of a wave train for three phases in case
of soft obstacles. The size of the obstacle is fixed to be R¼ 3.0. The spiral tips are
marked by white dots. The wave train is applied between t¼ 0 and t¼ 29 in (a)
and between t¼ 80 in (b) and (c). (a) Successful unpinning and elimination with
Tp¼ 4.5. (b) Successful unpinning but the failure of elimination with Tp¼ 5.0. (c)
Unsuccessful unpinning with Tp¼ 6.0. The spatiotemporal diagrams show the
changes with time in the activator concentration at the periphery of the obstacle.

103127-3 Tanaka et al. Chaos 25, 103127 (2015)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
141.14.161.217 On: Tue, 27 Oct 2015 14:22:54



Based on the results of a numerical study on parameter-
dependence, we deduce the phase diagrams for both cases.
Figures 2(a) and 2(b) show the phase diagrams for soft and
hard obstacles, respectively. These show the dependency of
the pacing period Tp required for unpinning or elimination at
an obstacle radius R. Figure 2(b) corresponds to the same de-
pendence as shown previously.9 In both cases, the pacing pe-
riod Tp required for unpinning and elimination decreases
with an increase in the obstacle radius. It has been confirmed
that the thresholds of the phases do not change with pro-
longed pacing.

In the case of soft obstacles, the boundary between
phases II and III determines the maximum pacing period
Tunp required for unpinning. The results confirm that Tunp is
essentially independent of the light intensity /obs for 0:02 (
/obs ( 0:20 (see Fig. S4 in the supplementary material22).
Thus, regardless of the light intensity /obs; Tunp for soft
obstacles is larger than that for hard obstacles. Thus, appa-
rently, spiral waves that are pinned to soft obstacles are eas-
ier to unpin than those that are pinned to hard obstacles.

III. THEORY

We start the theoretical argument regarding unpinning
phenomena by considering the shape and velocity of a spiral
wave that is pinned to an obstacle. The shape of a pinned spiral
wave was studied by Tyson and Keener.23 In their framework,
the curvature effect of the pinned spiral wave is taken into
account by adopting the following linear Eikonal equation:

V ¼ V0 þ Dj; (3)

where V is the wave velocity affected by the curvature, V0 is
the velocity of a plane wave, and j is the curvature of the
wave front. If the wave front curves away from its direction
of propagation, j is a negative. From the geometrical rela-
tionship, the velocity and curvature can be derived as

V ¼ xrffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ w2

q ;

j ¼ dw=dr

1þ w2
% &3

2

þ 1

r

w

1þ w2
% &1

2

;

(4)

where x is the angular velocity of the pinned wave, w is
defined as w) rdhs/dr; hs(r) is the angle of the tangential
vector from a certain direction, depending on the distance
from the origin, r. Thus, hs(r) can be regarded as the repre-
sentation of the wave shape, because it uniquely determines
the shape of the wave at a given time. By substituting Eq. (4)
into Eq. (3), we obtain the following basic equation for the
function w(r):

"r
dw
dr
¼ rV0

D
1þ w2
% &3

2 " xr2

D
1þ w2
% &

þ w 1þ w2
% &

; (5)

which can be solved analytically depending on the kind of
obstacle.

A. Velocity of spiral waves pinned to hard obstacles
(revisited)

First, we consider the case of a hard obstacle based on
the above-mentioned framework by Keener and Tyson.23 In
this case, the velocity of a plane wave V0 corresponds to the
dispersion relation (restitution relation) c0(Tp), which
denotes the wave front velocity of a wave train that is paced
at a constant period Tp. It can be obtained by numerical cal-
culation in a one-dimensional system based on the following
equations:

@u

@t
¼ 1

!
u 1" uð Þ " f vþ I0ð Þ

u" q

uþ q

! "
þ D

@2u

@x2
;

@v
@t
¼ u" v;

8
>>><

>>>:
(6)

FIG. 2. Numerical results regarding the phases of unpinning and elimination, showing the wave train period as a function of the obstacle radius. Black and
white points correspond to the pacing period Tp required for unpinning and elimination, respectively. (a)The phase diagram for soft obstacles. The three
marked points correspond to the examples shown in Fig. 1. (b)The phase diagram in the case of hard obstacles. The solid lines are guides showing the
thresholds.
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where I0 and D are set at I0 ¼ /med ¼ 0:01 and D¼ 1.0,
respectively.

A no-flux condition is applied to the boundary of the
hard obstacle, since the obstacle does not diffusively interact
with the surrounding medium. Thus, the pinned spiral wave
propagates perpendicularly to the periphery of the hard ob-
stacle (ðdhs=drÞjr¼R ¼ 0), as shown in Fig. 3(a), 23 which
means that whard (r¼R)¼ 0. Far from the obstacle, it is
assumed that whard (r)*xr/c0 for large r, since the pinned
wave can be regarded as the plane wave with wave number
x/c0. In the case of a hard obstacle, we set the following ap-
proximate solution of Eq. (5), which satisfies the above-
mentioned two conditions:

whard "rð Þ ¼ a
"r

R
þ b"r

Rþ c"r
; (7)

with

a ¼ " 1þ 4"c "
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8"c
p

4 1þ "cð Þ ;

b ¼ 1"
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8"c
p

4
;

c ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8"c
p

16
;

8
>>>>>>>><

>>>>>>>>:

where "c ) c0R=D; "r ) r " R, and c0 is obtained by the dis-
persion relation of the wave train (restitution relation).
Furthermore, by using the Eikonal equation, Eq. (3), we
derive the velocity of the pinned spiral Vhard as

Vhard "r; R; c0 Tpð Þð Þ

¼ c0 þ D
dwhard=dr

1þ w2
hard

' (3
2

þ 1

Rþ "r

whard

1þ w2
hard

' (1
2

8
<

:

9
=

;
; (8)

where whard is given by Eq. (7). Vhardð"rÞ represents the veloc-
ity of the pinned spiral at a distance "r from the periphery of
the hard obstacle.

B. Description of the effect of diffusive interaction
from soft obstacles

In the case of a soft obstacle, we have to consider the
diffusive interaction between the pinned spiral and the obsta-
cle, as well as the curvature effect. The following two points
are the most significant in the case of a soft obstacle.

First, the pinned spiral wave does not propagate perpen-
dicularly to the periphery of a soft obstacle (wsoft

(r¼R) 6¼ 0), as shown schematically in Figs. 3(b) and 3(c),
since the soft obstacle exhibits diffusive interaction. Second,
diffusive interaction leads to a gradient of the activator, as
shown in Figs. 3(b) and 3(d). In the proximity of the obsta-
cle, this gradient leads to diffusion of the activator from the
wave front to the soft obstacle. Thus, we have to modify the
above-mentioned framework for a hard obstacle.

(i) The pinned spiral wave does not propagate perpen-
dicularly to the periphery of the obstacle, but the shape of
the pinned spiral wave is deformed (ðdhs=drÞjr¼R > 0), as

shown schematically in Fig. 3(c). To describe wsoft similarly
to Eq. (7), we define the effective radius of the soft obstacle
Reff (¼RþDR) as

dhs

dr

))))
r¼Reff

¼ 0: (9)

(ii) Since the activator of the spiral wave diffuses to the
obstacle due to diffusive interaction, we change Eq. (1) with
consideration for this effect as follows:

@u

@t
¼ 1

!
u 1" uð Þ " f vþ I0ð Þ

u" q

uþ q

! "
" F r; uð Þ þ Dr2u;

@v
@t
¼ u" v;

8
>><

>>:

(10)

where F(r, u) represents the effect due to diffusion of the ac-
tivator, which decreases to zero with an increase in the dis-
tance from the soft obstacle. Considering this property of
F(r, u), we assume

F r; uð Þ ¼ d exp " r " Reff

‘dif

* +
u; (11)

where d is a positive number that indicates the degree of the
effect of the diffusion of the activator and ‘dif is the effective
length of diffusive interaction. Through this assumption, it
becomes possible for us to discuss the unpinning process
analytically by only considering the wave propagation out-
side of the obstacle, since the effect of the obstacle is simply
represented by the function F(r, u).

C. Velocity of plane waves affected by diffusive
interaction

To determine the velocity of a spiral wave that is pinned
to a soft obstacle, first we derive the velocity of a plane wave

FIG. 3. Schematic representation of the two types of pinned spiral waves.
(a) and (b) Illustrations of spiral waves pinned to a hard obstacle and a soft
obstacle, respectively. (c) The shape of the wave front hs(r) on a soft obsta-
cle. (d) The distribution of u in a spiral wave pinned to a soft obstacle. ‘dif is
the effective range of the diffusive interaction, shown in Eq. (11). Here, s
represents the arc length along the wave.
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V0 affected by diffusive interaction, neglecting the effect of
curvature. Here, the effect of diffusive interaction is repre-
sented by the addition of the term F(r, u) considering Eq.
(10). Thus, we add F(r, u) to Eq. (6) as follows:

@u

@t
¼ 1

!
u 1" uð Þ " f vþ I0ð Þ

u" q

uþ q

! "
" F r; uð Þ þ D

@2u

@x2
;

@v
@t
¼ u" v;

8
>>><

>>>:

(12)

where we adopt Eq. (11) as the diffusive effect F(r, u). V0 is
determined using Eq. (12).

The effect of F(r, u) on the velocity V0 of a single plane
wave can be written as Eq. (S10), whose derivation is shown
in the supplementary material.22 We assume that the effect
of F(r, u) (Eq. (S10)) is also applied to the dispersion relation
c0 in the same manner, that is,

V0 ¼ c0 1" 1

2
!d exp "

"r 0

‘dif

* +* +
: (13)

Next, we derive the velocity of a spiral wave pinned to a
soft obstacle while considering the effect of curvature. Here,
the curvature of the pinned spiral wave at the periphery of
the soft obstacle j(r¼Reff) is set as j0. Since the pinned spi-
ral wave propagates perpendicularly to the periphery of the
obstacle with an effective radius of Reff, the velocity of a
pinned spiral wave V (r¼Reff) corresponds to xReff. Thus,
by using the Eikonal equation, Eq. (3), we can derive the
condition that xReff¼ c0(1" !d/2)þDj0.

Since Eq. (13) has to satisfy this condition, the velocity
of a plane wave affected by diffusive interaction V0 can be
derived as

V0 "r 0ð Þ ¼ c0 1" 1" xReff " Dj0

c0

* +
exp "

"r 0

‘dif

* +( )

: (14)

Note that the velocity of the plane wave V0 depends on the
distance "r 0 from the periphery of the soft obstacle. In other
words, as a consequence of diffusive interaction, V0 in the
proximity of the soft obstacle has a smaller value than the
dispersion relation c0.

D. Velocity of spiral waves pinned to soft obstacles

Finally, we consider the shape of a spiral wave that is
pinned to a soft obstacle with an effective radius of Reff by
Eq. (5). The solution of Eq. (5) can be approximated for the
two specific ranges: For r ’ Reff,

wsoft "r 0ð Þ ¼ "j0
"r 0

Reff

* +

þ
$

1

2

*
"x0 " "j0 " "x0 " "c0 " "j0ð ÞReff

‘dif

+,
"r 0

Reff

* +2

þO "r 03ð Þ; (15)

and for r!1,

wsoft "r 0ð Þ ¼ "
"x0

"c0
"r 0

Reff

* +
"

"x0

"c0
1þ 1

"c0

* +
þO 1

"r 0

* +
; (16)

where Reff is the effective radius which is defined in Eq. (9),
"r 0 ) r " Reff ; "c0 ) c0Reff=D; "x0 ) xR2

eff=D, and "j0 ) j0Reff .
The general solution of Eq. (5) is obtained, which

reduces to Eq. (15) in the limit of "r 0 ! 0 and Eq. (16) in the
limit of "r 0 ! 1, as follows:

wsoft "r 0ð Þ ¼ a0
"r 0

Reff
þ b0"r 0

Reff þ c0"r 0
; (17)

with

a0 ¼ "
"x0

"c0
;

b0 ¼ "j0 þ
"x0

"c0
;

c0 ¼ " 1þ "j0
"c0

"x0

* +
"c0

"c0 þ 1

* +
:

8
>>>>>><

>>>>>>:

The effective length of the diffusive interaction ‘dif in Eq.
(14) is defined as follows:

1

‘dif
¼ 1

Reff

1

"c0 " "x0 þ "j0
"x0 " "j0 " 2

"x0 þ "j0"c0ð Þ2

"x0 "c0 þ 1ð Þ

( )

: (18)

Finally, using the Eikonal equation, Eq. (3), we obtain
the velocity of the pinned spiral Vsoft as

Vsoft "r 0; Reff ; c0 Tpð Þ
% &

¼ V0 "r 0ð Þ þ D

$
dwsoft=dr

1þ w2
soft

% &3
2

þ 1

Reff þ "r 0
wsoft

1þ w2
soft

% &1
2

,
; (19)

where V0ð"r 0Þ and wsoft are given by Eqs. (14) and (17),
respectively. Vsoftð"r 0Þ represents the velocity of the pinned
spiral at a distance "r 0 from the periphery of the soft obstacle
with an effective obstacle radius Reff.

IV. DISCUSSION

We propose a common theory of unpinning in the both
cases for a pinned spiral wave with a velocity Vhardð"rÞ or
Vsoftð"r 0Þ. When unpinning occurs, a pinned spiral wave does
not propagate within the proximity of the obstacle, and a por-
tion of the pinned spiral wave disappears. To explain the
unpinning phenomena, we consider the disappearance of a
plane wave. When plane waves are initiated at a pacing pe-
riod of Tp, there is a critical period T+p , below which the
wave train cannot be initiated. This means that if the wave
velocity of a plane wave V0 is lower than the critical velocity
c+0 ¼ c0ðT+pÞ, the plane wave fails to propagate and
disappears.

Going back to the unpinning phenomena, we define the
width of the disappearing portion of a spiral wave as L,
which is comparable to the width of the wave. The velocities
at a distance of L from the periphery of hard and soft
obstacles, Vhard (L) and Vsoft (L), are shown in Fig. 4. To
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explain the unpinning phenomena, we have to compare Vhard

(L) and Vsoft (L) with the critical velocity c+0. When Vhard (L)
and Vsoft (L) are below the critical velocity c+0, a portion of a
spiral wave disappears within the proximity of the obstacle
and unpinning occurs. Thus, VhardðLÞ ¼ c+0 and VsoftðLÞ ¼ c+0
determine the pacing period required for unpinning Tunp for
hard and soft obstacles, respectively.

In our theoretical model, it is assumed that the width of
the disappearing portion L depends exclusively on the excit-
ability of the medium. Thus, L is independent of both the
boundary condition at the periphery of the obstacle and the
obstacle radius R, and L is a common value for both hard
and soft obstacles. This means that the difference in the pac-
ing period required for unpinning Tunp between the two cases
is due to the presence or absence of the diffusive interaction,
which is included in Eq. (19) for Vsoftð"r 0Þ. To verify that the
proposed theory of unpinning is valid for our numerical
results, we calculate the critical period T+p and the critical ve-
locity c+0 using Eq. (6). In the area surrounding the obstacle
under our numerical simulation, T+p and c+0 are calculated to
be T+p ¼ 3:50 and c+0 ¼ 2:81, respectively.

First, for a hard obstacle, the width of the disappearing
portion of a spiral wave L can be calculated, which satisfies
VhardðL; R; c0ðTunpÞÞ ¼ c+0, at the unpinning boundary in Fig.
2(b). As a result, L¼ 0.63 6 0.08 in the range of
2.0( r0( 5.0. On the other hand, the width of the wave is
estimated to be approximately 1 from snapshots in Fig. 1.
The average value of L is comparable to the width of a wave
(’ 1).

To clarify the validity of the proposed theory in the case
of a hard obstacle, we analytically deduce the pacing period
required for unpinning Tunp from VhardðL; R; c0ðTunpÞÞ ¼ c+0.
Since it is assumed in the proposed theory that L is independ-
ent of the obstacle radius R, the value of L is fixed to be 0.63
in the calculation. A relationship between R and Tunp is
obtained, which satisfies VhardðL; R; c0ðTunpÞÞ ¼ c+0. The
result is shown as a dashed curve in Fig. 5. This dashed curve
is consistent with the numerical results in a case of hard ob-
stacle. Thus, the proposed theory of unpinning is valid in the
case of hard obstacle.

Furthermore, we can also verify that the proposed theory
of unpinning is valid in the case of a soft obstacle. Since it is
assumed in the proposed theory that the width of the

disappearing portion L is a common value in both cases, the
value of L is also fixed to be 0.63 in the case of a soft obstacle.
We analytically deduce the relationship between R and Tunp

from VsoftðL; Reff ; c0ðTunpÞÞ ¼ VsoftðL; Rþ DR; c0ðTunpÞÞ ¼ c+0
using the following values: DR¼"1:79=Rþ1:83; "j0¼1:98=
R"2:63; ‘dif¼"1:63=Rþ2:22, which are the approximated
values of DR, A1 and ‘dif at the unpinning boundary in Fig.
2(a). The details are shown in the supplementary material.22

The results are shown as a solid curve in Fig. 5. This
solid curve is consistent with the numerical results in the
case of a soft obstacle. Thus, we conclude that the proposed
common theory of unpinning is also valid in the case of a
soft obstacle.

V. EXPERIMENTAL VERIFICATION OF THE UNPINNING
OF SPIRAL WAVES FROM HARD AND SOFT
OBSTACLES

To confirm the validity of our numerical results and
theory, experiments were performed on a membrane filter
(Advantec, A100A025A), which was soaked in a solution for
the photosensitive BZ reaction with ruthenium (Ru) cata-
lysts.24,25 Diffusion of BZ solution is restricted on the mem-
brane filter and this experimental system can be regarded as a
quasi-two-dimensional system, which is appropriate to confirm
the results by numerical simulation in a two-dimensional
system. The concentrations in the BZ solution are [NaBrO3]
¼ 0.6 M, [H2SO4]¼ 0.3 M, [CH2(COOH)2]¼ 0.2 M, [NaBr]
¼ 0.05 M, and [Ru(bpy)3Cl2]¼ 1.7 mM. On this filter, spiral
waves were generated, which were pinned to both types of
obstacles. In our previous study, we created a hard obstacle by
putting a small droplet of silicone oil on the filter (Fig. 6(a)).9

Since the region in which the oil was soaked was protected
from the BZ solution, there was no reaction solution in this
region. Though there should be diffusion of a small amount of
neutral chemical species like bromine in the oil, this effect is
considered to be negligibly small and thus we regard the oil-
soaked region as a hard obstacle. Furthermore, as a soft

FIG. 5. Comparison of the numerical and theoretical results. The closed
(open) circles are numerical results, which represent the relationship
between the obstacle radius R and the pacing period required for unpinning
Tunp in the case of a soft (hard) obstacle. The numerical results are the same
as those shown in Figs. 2(a) and 2(b). The solid and dashed curves represent
the respective theoretical results, which are deduced from VsoftðL; R
þDR; c0ðTunpÞÞ ¼ c+0 and VhardðL; R; c0ðTunpÞÞ ¼ c+0.

FIG. 4. Illustrative drawing of the velocities of pinned spiral waves: Vhard

(L) and Vsoft (L). L is the width of the disappearing portion of a spiral wave
in the process of unpinning, which is comparable to the width of the wave.
(a) Vhard (L) is the velocity at a distance L from the periphery of a hard obsta-
cle with radius R. (b) Vsoft (L) is the velocity at a distance L from the periph-
ery of a soft obstacle with an effective radius Reff.
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obstacle, we produced a high-intensity light spot on the filter
using a liquid-crystal projector (Fig. 6(b)). The obstacle radius
was set to approximately 0.5 mm (R ’ 0.5 mm). The light
intensities in the high-intensity light spot and in the surround-
ing area were 60 klx and 0.5 klx, respectively. The light inten-
sity on the membrane filter was measured with a light-intensity
meter (AS ONE, LX-100). Figures 6(a) and 6(b) show experi-
mental examples of spiral waves pinned to a hard and a soft
obstacle, respectively. The wavelength around the hard obsta-
cle was smaller than that around the soft obstacle, which is
caused by the difference in the spiral period and the interaction
with the obstacle. The same tendency was observed in numeri-
cal simulations as seen in Fig. S6 in the supplementary mate-
rial.22 Additionally, small differences in the experimental
conditions such as temperature and light intensity are found to
cause an enhanced difference.

To deliver wave trains to the pinned wave around the
soft obstacle, we produced a high-frequency source of exci-
tation by applying a micro-droplet of sulfuric acid to the
outer boundary of the filter. Figure 6(c) shows the snapshots
of the experimental observation of the unpinning process
around the soft obstacle. The generated wave train
approached the pinned wave and entrained the whole filter.
The wave-train period on the obstacle was 13 s (Tp¼ 13 s).
At t' 400 s, the pinned wave detached from the obstacle,
and the subsequent waves pushed the detached wave away
from the obstacle.

Thus, our experimental observations have provided the
validity of the essential difference between soft and hard
obstacles on unpinning. However, we faced difficulties that
the reproducibility of the experimental trends was not so sat-
isfactory, because small changes in the initial chemical con-
centrations dominated the resulting BZ dynamics. Future
experiments on some of excitable media to verify our theo-
retical and numerical expectations are awaited.

VI. CONCLUSION

In the present paper, we investigated the unpinning of
the spiral wave from soft obstacles under diffusive interac-
tion by expanding the theoretical framework from the model
of hard obstacles. We calculated the critical unpinning fre-
quency by utilizing the dispersion relation of plane waves.
Further, we performed numerical simulations using the
modified Oregonator model to investigate the similarities
and differences in the unpinning process of spiral waves
from hard and soft obstacles. The simulations revealed that
the pacing period Tunp required for unpinning at a fixed ob-
stacle radius in the case of a soft obstacle is larger than that
in the case of a hard obstacle.

The mechanism of unpinning in both cases is discussed
by taking into account the diffusive interaction between the
obstacle and its surrounding medium. We focused on the ve-
locity V(L) of the wave front in the proximity of the obstacle.
A general theory of unpinning is proposed, in which unpin-
ning occurs when the velocity V(L) is below a critical wave
velocity c+0.

We analytically deduced the relationships between the
size of the obstacle R and the required period Tunp required
for unpinning. The results showed that our proposed theory
can be applied to both cases, since the unpinning relation-
ships deduced from our theory are consistent with the numer-
ical results, as shown in Fig. 5. Our results indicate that the
difference in the pacing period Tunp required for unpinning
between the two cases is interpreted in terms of a decrease in
velocity caused by diffusive interaction.

The insights obtained in this study regarding the effect
of diffusive interaction on unpinning are expected to contrib-
ute to the future development of anti-tachycardia pacing.
Although our proposed theory is consistent with the numeri-
cal results, further studies are necessary on the effects of cell

FIG. 6. Experimental observation of
high-frequency unpinning in the excit-
able BZ reaction. (a) and (b) Pinned
spirals on hard and soft obstacles,
respectively. (c) An example of the
unpinning process of a spiral anchored
on a soft obstacle. The wave train
approaching from the bottom led to
unpinning at t' 400 s. The unpinned
spiral wave was forced to drift upward
together with subsequent traveling
waves. The waves of the train were
suppressed by strong light illumination
of 60 klx at t' 470 s to verify detach-
ment of the spiral, i.e., accomplish-
ment of the unpinning.
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orientation, the electroelastic properties of cardiac tissue,
obstacles with complex shapes (vessel-like, scar-like) and
three-dimensional effects, which may help to improve cur-
rent medical applications.26,27
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